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I Abstract:
In this paper we characterize ultrametric spaces that satisfy the unique midpoint property and
conclude that such a space must consist of a single point or three points.
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1. Introduction

Let X be aset and d : X x X — R be a function. If the function d satisfies the following
properties for all z,y, z € X:

(dl) d(z,y) >0

(d2) d(z,y) =0iff z =y

(d3) d(z,y) = d(y,x)

(d4) max{d(z,y),d(y,2)} > d(z, z)

then d is called an ultrametric function on X, and the pair (X, d) is called ultrametric space.It
is obvious that every ultrametric space is a metric space. There are also interesting properties
that balls provide. Here are two important properties that we use throughout this article:
Let (X,d) be an ultrametric space, z,y € X and 71,75 > 0. If B(z,r1) N B(y,r2) # 0, then
B(x,r1) € B(y,ry) or B(y,r2) € B(z,r1). And also

If y € B(x,ry), then B(z,7m) = B(y,r1). Let (X, d) be a metric spaces. If for an arbitrary pair
z,y € X there exists a unique z € X such that d(z, z) = d(z,y), then the point z is called the
midpoint of z and y. This space is said to have the unique midpoint property (UMP).

Since the topic of this article is the existence of the unique midpoint property in ultrametric
spaces, no extra information on either the ultrametric space or the unique midpoint property
is presented, but for convenience, the topic of the ultrametric space and the unique midpoint
property can be followed through the articles [1], [2] , [3], and [4].
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2. Assumption: There exist an ultrametric space with the unique midpoint
property

Let (X, d) be an ultrametric space with the unique midpoint property. For any given points
x,mgy € X, by our assumption, there exists a unique point m; € X such that

d(x,m1) = d(mq, mo)
and by the ultrametric axiom (d4), it is obtained that

d(x,my) = d(mq,mg) > d(x,mg)

In this situation there are two cases; (case 1) d(z,my) = d(my,mg) > d(x,mg) and (case
2)d(xz,my) = d(mq,mgo) = d(z,mg).
Case 1: d(x,my) = d(my,mg) > d(x, mp)

Let mo € X be the unique midpoint of x and m, so

d(x,ms) = d(my,m)
Then by ultrametric axiom (d4)
max{d(x,msy),d(ms, my)} > d(x,m)
must be holds. by the case
d(my,mg) = d(xz,mg) > d(x,my) > d(z,my)

and
d(my, mg) = d(x,mg) > d(mg, my) > d(x,my)

So there are two subcases:
Subcase 1:
d(my, mg) = d(x,mg) = d(xz,my) = d(mo, my1) > d(z,mg)

By the ultrametric axiom:
max{d(mg, ms),d(x,mg)} > d(x, ms)

By the Case 1:
max{d(mg, ms), d(x, mo)} > d(x, ms)

Must hold. Therefore, the following equality is imperative:
max{d(mg, ms),d(z,my)} = d(mg, ms)

Hence
d(mo, mg) > d(!L’, mo)

Also:
max{d(x, mg),d(mz, z)} > d(mo, ma) > d(z,mp)

d(x,ma) > d(mg, msg) > d(x, mp)
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By the uniqueness of the midpoint of x and my:
d(x,my) > d(mg, mg) > d(x,myg)

Therefore:
max{d(mg, ms),d(x,mg)} > d(x, ms)

d<x7m2) > d(m07 m2) Z d(l’7m2)

This is a contradiction.
Subcase 2: d(my,ma) = d(z,ma) > d(mg,m1) = d(z,my) > d(z, mp)
By the ultrametric property:

max{d(x, ms),d(x,my)} > d(mgy, ms)

d(x, ma) > d(mo, ms)
By the uniqueness of the midpoint of  and my:

d(x,mg) > d(mgy, ms)
Also by the ultrametric property:

max{d(mo, m2),d(mo, m1)} = d(m1, ms)
If d(mg, my) > d(mq, my) then we get:
d(z,mg) > d(mg, ma) > d(my, me) = d(x, msg)

which is a contradiction.
If
d(mo, m1) > d(mq, ma)

then we get:
d(my, my) > d(mg, my) > d(mqy, ms)

which is another contradiction. Thus, it is shown that Case 1 never occurs. Hence Case 2 must
be satisfied.

Theorem 1. Let B(x,r) be an open ball and x,mg € B(x,r). If the midpoint, say my, of
and mq is an element of B(x,r), then B(x,r) cannot contain any element other than x,mg and
mi.

Proof. Assume that there exists z € B(x,r) such that z # {x,mg, m1}. It is clear that
d(x,mg) = d(mg,m1) = d(my,x)
since Case 2 holds. Moreover, by the uniqueness of the midpoint:
d(z, z) # d(mg, z) # d(mq, 2)
So without loss of generality:
d(z,z) < d(myg, z) < d(mq, 2)
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By the ultrametric axiom (d4):
max{d(z, z),d(mqg, z)} > d(z,mg)
d(mg, z) > d(z,mg)

There are two cases:
Case 1: d(mq, z) > d(z,mg). By the ultrametric axiom (dy):

max{d(my, ), d(mg, m1)} > d(mq, 2)
d(myg, z) > d(mq, z) It is a contradiction.
Case 2: d(my, z) = d(x,mg). This means that: d(mg, z) = d(z, mg) = d(mo, m1) = d(my,x) By
the ultrametric axiom (dy):

max{d(myg, z), d(mgo,m1)} > d(m, 2)
d(mg, z) > d(mq, 2) O
Theorem 2. Let (X,d) be an ultrametric space with UMP. An element can be the midpoint of
at most one pair of elements.

Proof. Assume a point m is the midpoint of z; and x5. There are two cases:

Case 1: Let 3 € X and m be the midpoint of x5 and x3. There exists 1,79 > 0 such that
B(xs, 1) contains xq, xa, m and B(xy,79) contains xs, x5, m. So B(xs,rg) contains xq, xa, x3, m
where 7o := max{ry, ro}, but this is impossible by Theorem 1.

Case 2: Let x3,24 € X and m be the midpoint of x5 and x4. There exists 1,72 > 0 such that
B(zq,71) contains z1, xe,m and B(xs,ry) contains xg, x4, m. It is clear that:

B(xg, 1) = B(m,ry)
and
B(zs,r9) = B(m,r3)
Hence B(m,ry) contains 1, x9, 3, m where ro := max{ry, ro}, but this is a contradiction. [

Theorem 3. Any open ball containing at least three elements must contain the midpoint of
those elements.
Proof. Let x,y € B(x,r) and let m be the midpoint of x and y such that m ¢ B(x,r), so
d(x,m) > r. By Case 2, the equality

d(x,m) = d(z,y) = d(y,m)
must hold. Since z,y € B(xz,r), we have B(z,r) = B(y,r), hence d(z,y) < r. However, by

the above equality, d(z,y) > r. This is a contradiction. Therefore m must be contained by
B(z, 7). O

Remark: As can be easily deduced from Theorem 3, a two-element ball cannot exist in an
ultrametric space with UMP. Namely, let us assume that there is a two-element ball. Let
x,y € B(x,r) then the equailty d(z,y) = d(y,z) = d(z,x) must be hold by Case 2 so x = y.

Theorem 4. Let B(x,r) be any open ball with finite elements. |B(xz,r)| =1 or |B(z,r)| =3
Proof. Let assume |B(x,r)| > 4. It is clear that
|C(I1B(z,7)];2)] > [B(z,7)]

so there exists at least one element that must be the midpoint of at least two pairs of elements.
This contradicts Theorem 2. O
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3. Conclusion

Let us take the elements z,y and their midpoint m from an ultrametric space satisfying the
unique midpoint property. A ball B(x,r) containing these three points contains no other points
by Theorem 1. If there is an element z € X outside this ball, then the ball B(z,d(z,y) + 1)
contains the element z, a contradiction. Then an ultrametric space satisfying UMP consists of
either one point or three points References
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